Dynamic Programming
CSClI 432



Square Matrix Multiplication

5 (18| 1 53|34 |56
316 |7 X = 57160 | 68
A B /‘C

Result of multiplying a row

by a column - O(n) work

Thus, 0(n?®) total running time.

n? spots
to fill out.



Non-Square Matrix Multiplication Review

- i

10 x 100 10x 5

100 x5



Non-Square Matrix Multiplication Review

10 x 100 10x 5
100k 5




Non-Square Matrix Multiplication Review

B

10 x 100

100 x5



Non-Square Matrix Multiplication Review

—

10 x 100 10x 5

100 x5



Non-Square Matrix Multiplication Review
Number of scalar
multiplications
for single spot?

X =

10 x 100 10x 5
100k 5

100




Non-Square Matrix Multiplication Review
Number of scalar
multiplications

) for full array?
X — -
100x10x5 = 5000

10 x 100 10x 5

100 x5



Non-Square Matrix Multiplication Review
Number of scalar
multiplications

) for full array?
X — -
mxXnxp
10-%-100 10%x5
nxm nxp

1005
mxp




Matrix-Chain Multiplication

5x50

10 x 100 10 x 50

100 x5



Matrix-Chain Multiplication




Matrix-Chain Multiplication

B

10 x 100

X BN -

5x50

10 x 50

Both give same answer.
100x5 |Any reason to pick one?

/{\(AXB)XC: /}\AX(BXC):

A B C A B C




Matrix-Chain Multiplication

B

10 x 100

X BN -

5x50

10 x 50

100 x5

(AxB)xC: Ax(BxC):
/{\ 100x10x%x5 />\

A B C A B C



Matrix-Chain Multiplication

B

10 x 100

X BN -

5x50

10 x 50

100 x5

(AxB)xC: Ax(BxC):
100x10X%5
+5%x10x50

A B C A B C



Matrix-Chain Multiplication

B

10 x 100

X BN -

5x50

10 x 50

100 x5

(AxB)xC: Ax(BxC):
100x10X%5
+5%x10x50

A B C = 7500 A B C



Matrix-Chain Multiplication

B

10 x 100

X BN -

5x50

10 x 50

100 x5

(AxB)xC: Ax(BxC):
100x10x5 5%x100x%x50
+5%x10x50 + 100x10x50

A B C = 7500 A B C = 75000



Input: n compatible matrices where

Matrix-Chain Multiplication M has dimensions m;_, xm,

Goal: Multiply matrices M; through M,, using
the smallest number of scalar multiplications.

M1 XMZ XMB XM4_X "'XMn_4_ XMn_3 XMTL—Z XMTL—l XMn



Input: n compatible matrices where

Matrix-Chain Multiplication M has dimensions m;_, xm,

Goal: Multiply matrices M; through M,, using
the smallest number of scalar multiplications.

M1 XMZ XMB XM4_X "'XMn_4_ XMn_3 XMTL—Z XMTL—l XMn

Can we use Dynamic Programming?



Input: n compatible matrices where

Matrix-Chain Multiplication M has dimensions m;_, xm,

Goal: Multiply matrices M; through M,, using
the smallest number of scalar multiplications.

M1 XMZ XMB XM4_X "'XMn_4_ XMn_3 XMTL—Z XMTL—l XMn

Is there optimal substructure?



Input: n compatible matrices where

Matrix-Chain Multiplication M has dimensions m;_, xm,

Goal: Multiply matrices M; through M,, using
the smallest number of scalar multiplications.

M1 XMZ XMB XM4_X "'XMn_4_ XMn_3 XMTL—Z XMTL—l XMn

Is there optimal substructure?

Given an optimal solution, what can we say
about the optimality of a sub solution?



Input: n compatible matrices where

Matrix-Chain Multiplication M has dimensions m;_, xm,

Goal: Multiply matrices M; through M,, using
the smallest number of scalar multiplications.

((MyxMy)xMgz)x(Myx(MgXMg))

Is there optimal substructure?

Given an optimal solution, what can we say
about the optimality of a sub solution?




Input: n compatible matrices where

Matrix-Chain Multiplication M has dimensions m;_, xm,

Goal: Multiply matrices M; through M,, using
the smallest number of scalar multiplications.

((MyxMy)xMgz)x(Myx(MgXMg))

Is there optimal substructure?

Given an optimal solution, what can we say
about the optimality of a sub solution? .

An optimal parenthesization mustend
with multiplying two matrices. "




Input: n compatible matrices where

Matrix-Chain Multiplication M has dimensions m;_, xm,

Goal: Multiply matrices M; through M,, using
the smallest number of scalar multiplications.

((MyxMy)XM3)X(Myx(MgXMg))

Is there optimal substructure?

Given an optimal solution, what can we say
about the optimality of a sub solution?

An optimal parenthesization must end
with multiplying two matrices. The
parenthesizations that led to those
two matrices must also be optimal.




Input: n compatible matrices where

Matrix-Chain Multiplication M has dimensions m;_, xm,

Goal: Multiply matrices M; through M,, using
the smallest number of scalar multiplications.

M1 XMZ XMB XM4_X "'XMn_4_ XMn_3 XMTL—Z XMTL—l XMn

Let C[1, n] = Minimum number
of scalar multiplications needed
for multiplying M, through M,,.



Input: n compatible matrices where

Matrix-Chain Multiplication M has dimensions m;_, xm,

Goal: Multiply matrices M; through M,, using
the smallest number of scalar multiplications.

(M XMpX o My XMy ) X (M1 X -+ X Mp 1 XMy

Suppose the final multiplication in
Let C[1, n] = Minimum number the optimal solution occurs at k.

of scalar multiplications needed
for multiplying M, through M,,.




Input: n compatible matrices where

Matrix-Chain Multiplication M has dimensions m;_, xm,

Goal: Multiply matrices M; through M,, using
the smallest number of scalar multiplications.

(M XMpX o My XMy ) X (M1 X -+ X Mp 1 XMy

Suppose the final multiplication in
Let C[1, n] = Minimum number the optimal solution occurs at k.

of scalar multiplications needed
for multiplying M, through M,,.

Cl1,n| =22




Input: n compatible matrices where

Matrix-Chain Multiplication M has dimensions m;_, xm,

Goal: Multiply matrices M; through M,, using
the smallest number of scalar multiplications.

(MyXMpX wos My q XM ) X (M 41X -+ X Mp_1 XMy

Suppose the final multiplication in
Let C[1, n] = Minimum number the optimal solution occurs at k.

of scalar multiplications needed
for multiplying M, through M,,.

Optimal # mults
forM; - M,

f N\

Cl1,n| =



Input: n compatible matrices where

Matrix-Chain Multiplication M has dimensions m;_, xm,

Goal: Multiply matrices M; through M,, using
the smallest number of scalar multiplications.

(MyXMyX - My g XMy ) X (M1 X ---XMp_1 X Mp)

Suppose the final multiplication in
Let C[1, n] = Minimum number the optimal solution occurs at k.

of scalar multiplications needed
for multiplying M, through M,,.

Optimal # mults Optimal # mults
forM; - M, forM,,,—-> M,
— r A \

Cl1,n| = +




Input: n compatible matrices where

Matrix-Chain Multiplication M has dimensions m;_, xm,

Goal: Multiply matrices M; through M,, using
the smallest number of scalar multiplications.

(MyXMyX -+ My _ g XM ) X (M1 X -=-XMp_1 X Mp)

Suppose the final multiplication in
Let C[1, n] = Minimum number the optimal solution occurs at k.

of scalar multiplications needed
for multiplying M; through M,,.

Optimal # mults Optimal # mults # mults in final
forM; - M, forM,,,—-> M, multiplication
I_H 'e A N\ r A N\

Cl1,n] = + +



Input: n compatible matrices where

Matrix-Chain Multiplication M has dimensions m;_, xm,

Goal: Multiply matrices M; through M,, using
the smallest number of scalar multiplications.

(M XMpX o My XMy ) X (M1 X -+ X Mp 1 XMy

Suppose the final multiplication in
Let C[1, n] = Minimum number the optimal solution occurs at k.

of scalar multiplications needed
for multiplying M, through M,,.

Optimal # mults Optimal # mults # mults in final
forM; - M, forM,,,—-> M, multiplication
K_H 'e A N\ r A N\

Cl1,n] =C|1,k] + +



Input: n compatible matrices where

Matrix-Chain Multiplication M has dimensions m;_, xm,

Goal: Multiply matrices M; through M,, using
the smallest number of scalar multiplications.

(M XMpX o My XMy ) X (M1 X -+ X Mp 1 XMy

Suppose the final multiplication in
Let C[1, n] = Minimum number the optimal solution occurs at k.

of scalar multiplications needed
for multiplying M, through M,,.

Optimal # mults Optimal # mults # mults in final
forM; - M, forM,,,—-> M, multiplication

K_H r % N\ r A
Cli,n] =C|1, k] + Clk+1,n] +




Input: n compatible matrices where

Matrix-Chain Multiplication M has dimensions m;_, xm,

Goal: Multiply matrices M; through M,, using

the smallest number of scalar multiplications. My XMyt q my,_1Xmy

' '
(MyXMpX s My XM ) X (M1 X -+ X Mp 1 XMy

/! /!

myXmy My _1 XMy, Suppose the final multiplication in
Let C[1, n] = Minimum number the optimal solution occurs at k.

of scalar multiplications needed
for multiplying M; through M,,.

Optimal # mults Optimal # mults # mults in final
forM; - M, forM,,,—-> M, multiplication

I_H r % N\ r A
Cli,n] =C|1, k] + Clk+1,n] +




Input: n compatible matrices where

Matrix-Chain Multiplication M has dimensions m;_, xm,

Goal: Multiply matrices M; through M,, using

the smallest number of scalar multiplications. My XMyt q my,_1Xmy

' '
941 XMpX s M4 X/ka)x(MkﬂX XMy _1 XMy )

myXmy My _1 XMy, Suppose the final multiplication in
Let C[1, n] = Minimum number the optimal solution occurs at k.

of scalar multiplications needed
for multiplying M; through M,,.

Optimal # mults Optimal # mults # mults in final
forM; - M, forM,,,—-> M, multiplication

A

I_H 'e A \ r \
Cl1,n] =C|1,k] + Clk+ 1,n] + mpyxmyxm,,




Input: n compatible matrices where

Matrix-Chain Multiplication M has dimensions m;_, xm,

Goal: Multiply matrices M; through M,, using
the smallest number of scalar multiplications.

(MyXMpX -+ My—g XMy ) X(Mje 1 X -+- XMy 1 XMy

o Do we know where the final
Let C[1,n] = Minimum number multiplication will occur?

of scalar multiplications needed
for multiplying M, through M,,.

Optimal # mults  Optimal # mults # mults in final
for M; —» M, for M1 - M, multiplication
A

A

I—H 'e N\ r N\
Cl1,n] =C|1,k] + Clk+ 1,n] + mpyxmyxm,,




Input: n compatible matrices where

Matrix-Chain Multiplication M has dimensions m;_, xm,

Goal: Multiply matrices M; through M,, using
the smallest number of scalar multiplications.

(MyXMpX -+ My—g XMy ) X(Mje 1 X -+- XMy 1 XMy

o Do we know where the final
Let C[1,n] = Minimum number multiplication will occur? No!
of scalar multiplications needed

for multiplying M, through M,,.

Optimal # mults  Optimal # mults # mults in final
for M; —» M, for M1 - M, multiplication
A

A

I—H 'e N\ r N\
Cl1,n] =C|1,k] + Clk+ 1,n] + mpyxmyxm,,




Input: n compatible matrices where

Matrix-Chain Multiplication M has dimensions m;_, xm,

Goal: Multiply matrices M; through M,, using
the smallest number of scalar multiplications.

(MyXMpX -+ My—g XMy ) X(Mje 1 X -+- XMy 1 XMy

o Do we know where the final
Let C[1, n] = Minimum number multiplication will occur? No!
of scalar multiplications needed So, what should we do?

for multiplying M, through M,,.

Optimal # mults  Optimal # mults # mults in final

for M; - M, for M., - M, multiplication
A A

I—H 'e N\ r N\
Cl1,n] =C|1,k] + Clk+ 1,n] + mpyxmyxm,,




Input: n compatible matrices where

Matrix-Chain Multiplication M has dimensions m;_, xm,

Goal: Multiply matrices M; through M,, using
the smallest number of scalar multiplications.

Ml MZ "'Mk—l Mk Mk+1 Mn—l Mn

Do we know where the final

Let C[1, n] = Minimum number multiplication will occur? No!
of scalar multiplications needed So, what should we do? Check all
for multiplying M, through M,,. possibilities...
Optimal # mults  Optimal # mults # mults in final
for M; —» M, for M1 - M, multiplication

I—H 'e N\ r N\
Cl1,n] =C|1,k] + Clk+ 1,n] + mpyxmyxm,,



Input: n compatible matrices where

Matrix-Chain Multiplication M has dimensions m;_, xm,

Goal: Multiply matrices M; through M,, using
the smallest number of scalar multiplications.

Ml MZ "'Mk—l Mk Mk+1 Mn—l Mn

Do we know where the final

Let C[1, n] = Minimum number multiplication will occur? No!
of scalar multiplications needed So, what should we do? Check all
for multiplying M, through M,,. possibilities and pick the best.
Optimal # mults  Optimal # mults # mults in final
for M; —» M, for M1 - M, multiplication

c[1,n] = min (C[1,k] + C[k + 1,n] + rmkxmoxm:,)

1<k<n



Input: n compatible matrices where

Matrix-Chain Multiplication M has dimensions m;_, xm,

Goal: Multiply matrices M; through M,, using
the smallest number of scalar multiplications.

M1XM2X *e Mk_1XMkXMk+1X “’XMn_]_XMn

— This is not generic for

Let C[1,n] = Minimum number any subsequence in
of scalar multiplications needed the full multiplication.

for multiplying M, through M,,.

Optimal # mults  Optimal # mults # mults in final
for M; —» M, for M1 - M, multiplication
A

A

c[1,n] = min (C[1,k] + C[k +1,n] + rmkxmoxm:,)

1<k<n




Input: n compatible matrices where

Matrix-Chain Multiplication M has dimensions m;_, xm,

Goal: Multiply matrices M; through M,, using
the smallest number of scalar multiplications.

My X - XM;X XM XM XMjo 1 X ++-XM; X ++-X My,

— This is not generic for

Let C[i, j] = Minimum number any subsequence in
of scalar multiplications needed the full multiplication.

for multiplying M; through M;.

Optimal # mults  Optimal # mults # mults in final
for M; —» M, for M1 - M, multiplication
A

A

c[1,n] = min (C[1,k] + C[k +1,n] + rmkxmoxm:,)

1<k<n




Input: n compatible matrices where

Matrix-Chain Multiplication M has dimensions m;_, xm,

Goal: Multiply matrices M; through M,, using
the smallest number of scalar multiplications.

My X - XM;X XM XM XMjo 1 X ++-XM; X ++-X My,

— This is not generic for

Let C[i, j] = Minimum number any subsequence in
of scalar multiplications needed the full multiplication.

for multiplying M; through M;.

Optimal # mults Optimal # mults # mults in final
forM; - M, for My, - M; multiplication
A

A

Cli,jl = min(C[i, k] + C[k + 1,j] + muxm;_;xm;)

i<k<j




Matrix-Chain Multiplication

Cli,j] = min(Cli, k] + Clk + 1,j] + myxm;_y xm;)

How are we going to
turn this into code?



oA U A W N B

Matrix-Chain Multiplication

C[i,j] = min(C[i k] + C[k + 1,j] + mkxmi—lxmj)

i<k<j

l
1 2 3 4 5 6

How are we going to
turn this into code?



oA U A W N B

Matrix-Chain Multiplication

Cli,j] = mkig_(c‘[i, k] + C[k + 1,j] + my xm;_{ X
i<k<j
i
1 2 3 4 5 6

m;

)



Matrix-Chain Multiplication

Cli,j] = min(Cli, k] + Clk + 1,j] + myxm;_y xm;)

[
1 2 3 4 5 6 What can we say about C|[i, i|?

Let C|i, j] = Minimum number
of scalar multiplications needed
for multiplying M; XM; 1 X «--XM;




oA U A W N B

Matrix-Chain Multiplication

Cli,j] = min(Cli k] + Clk + 1,j] + myxm_y xm;)

l

1 2 3 4 5 6 What can we say about C|i, i]?
ol -1|-1-1-]-
ol -1 _-1-1- Cli,i]=0
0ol -1-1-
01 -1[- Let C|i, j] = Minimum number
0] - of scalar multiplications needed
0 for multiplying M; XM; 1 X «--XM;




oA U A W N B

Matrix-Chain Multiplication

Cli,j] = {?ki?j(c[i’ k] + C[k + 1,j] + mpxm;_y xm;)
[
1 2 3 4 5 6 Which element of C[] do we
ol -1 -|-1-1- want in the end?

ol -1|-1-]-
ol -1 -1-
0l - | -




oA U A W N B

Matrix-Chain Multiplication

Cli,j] = min(Cli, k] + Clk + 1,j] + myxm;_y xm;)

l

1 2 3 4 5 6 Which element of C[] do we
ol -1 -|-1-1- want in the end?
ol -1|-1-1-
0l-1-]- Cl1,n]
0l - | -
0| -
0




oA U A W N B

Matrix-Chain Multiplication

Cli,j] = m’j?_(C[i, k] + C[k + 1,j] + mpxm;_y xm;)
i<k<j
[
1 2 3 4 5 6 What elements of C[] need to
ol - |- |- |-1|- be filled out to compute C[1,6]?

Ol -1]-1|-1-
ol -1|-1-
0l - | -




oA U A W N B

Matrix-Chain Multiplication

C[i,j] = min(C[i, k] + C[k + 1,j] + m;xm;_; X

i<k<j
;
1 2 3 4 5 6
Ol - | -1 -
1<k<6
Ol -1-1|-1-
ol -1-1-
0 - |- .
= min
O_
0

(C[1
cl1
c[1
c[1
1

IU1I L gl le I~NI I~HI

-

-

2,6
3,6
4,6
5,6

6,6

m;)

+77
+77
+77
+77
+77

|- C[1,6] = min (C|1,k]+ Clk+ 1,6]+7?7)



oA U A W N B

Matrix-Chain Multiplication

M XM, XM3zXM,XMsXMg

= min <

IU1I L %I le I‘NI I~HI

-

-

2,6,
3,6
4,6
5,6

6,6

- 77
- 77
- 77
- 77

- 77

C[1,6] = min (C|1,k] + Clk+1,6]+77)
1<k<6

(C[1
Cl1
Cl1
C|1
Cl[1



oA U A W N B

Matrix-Chain Multiplication

(M) X(My XMz XMy XMeXM,)

_ k=1
i
1 2 3 4 5 6
Ol -1|-1|-1]-]-
1<k<6
0| -1-1-1-
Ol -1-1-
O - |- .
= min <
O_
0

(C[1
Cl1
Cl1
C|1
Cl[1

IU1I L $I le INI I~HI

-

-

2,6,
3,6
4,6
5,6

6,6

- 77
- 77
- 77
- 77

- 77

C[1,6] = min (C|1,k] + Clk+1,6]+77)



oA U A W N B

Matrix-Chain Multiplication

(M{XMy)X(M3XM,XMcXM,)

k=2

= min <

IU1I L $I le INI I~HI

-

-

2,6
3,6
4,6
5,6

6,6

- 77
- 77
- 77
- 77

- 77

C[1,6] = min (C|1,k] + Clk+1,6]+77)
1<k<6

(Cl1
Cl1
Cl1
C|1
Cl[1



oA U A W N B

Matrix-Chain Multiplication

(M{ XMy XM3)X(MyXMeXM)

k=3

= min <

IU1I L $I le INI I~HI

-

-

2,6
3,6
4,6
5,6

6,6

- 77
- 77
- 77
- 77

- 77

C[1,6] = min (C|1,k] + Clk+1,6]+77)
1<k<6

(Cl1
Cl1
Cl1
C|1
Cl[1



oA U A W N B

Matrix-Chain Multiplication

(M{ XM, XM3zXM)X(MsXM,)

k=4

= min <

IU1I L gl le INI I~HI

-

-

2,6
3,6
4,6
5,6,

6,6

- 77
- 77
- 77
- 77

- 77

C[1,6] = min (C|1,k] + Clk+1,6]+77)
1<k<6

(Cl1
Cl1
Cl1
C|1
Cl[1



oA U A W N B

Matrix-Chain Multiplication

(M{XMyXM3XMiXM:)X(Mg)

k=5

= min <

-

IU1I I$I le INI IHI

-

-

2,6
3,6
4,6
5,6

6,6

- 77
- 77
- 77
- 77

- 77

C[1,6] = min (C|1,k] + Clk+1,6]+77)
1<k<6

(C[1,
Cl1
Cl1
C|1
Cl1



oA U A W N B

Matrix-Chain Multiplication

C[i,j] = min(C[i, k] + C[k + 1,j] + m;xm;_; X

i<k<j
;
1 2 3 4 5 6
0Ol - | -1 -
1<k<6
Ol -1-1|-1-
ol -1-1-
0 - |- .
= min
O_
0

(C[1
cl1
c[1
c[1
1

IU1I L gl le I~NI I~HI

-

-

2,6
3,6
4,6
5,6

6,6

m;)

+77
+77
+77
+77
+77

|- C[1,6] = min (C|1,k]+ Clk+ 1,6]+7?7)



oA U A W N B

Matrix-Chain Multiplication

C[i,j] = min(C[i, k] + C[k + 1,j] + m;xm;_; X

i<k<j

l
1 2 3 4 5 6

0

m;)

C|3,5] = min (C|3,k] + C|lk + 1,5]+ ?7?)

3<k<5

|+ C[4,5]

27

- C[5,5]-

- 77

k=1
k=2



oA U A W N B

Matrix-Chain Multiplication

Cli,j] = _mki?_(C[i, k] + C[k + 1,j] + my xm;_{ X
i<k<j
i
1 2 3 4 5 6
0

NN

5 4 3 2 1

m;

)



oA U A W N B

Matrix-Chain Multiplication

Cli,j] = mln(C i, k] + Clk + 1,j] + myxXm, 1><m])

i<k<j
i for s = 1, ,h - 1
1 2 3 4 5 6 for-1'=1, .,h - 'S
Ol -1 -1|-1-1- j='I+S
ol -1-1-1-
Ol -1 -1 -
0! - | -
SRR

0
5 4 3 2 1



oA U A W N B

Matrix-Chain Multiplication

C[i,j] = min(C[i, k] + C[k + 1,j] + myxm;_4xm;

)

i<k<j J
i for s =1,...,n - 1
1 2 3 4 5 6 for1=1,..,n—s
Ol -1 -1|-1-1- j— 1 + S
ol - |- |-1- min = o
for k =1,...,] -1
Ol-1-1- a = c[1 k]1+C[k+1,3 T+mm;_qm
0] - |- if a < min
0 |- . mn =4 Running Time:
0 C[1!J] = Mmin 0(”3)
c Y43 Y5 return C[1,n]



	Slide 1: Dynamic Programming CSCI 432
	Slide 2: Square Matrix Multiplication
	Slide 3: Non-Square Matrix Multiplication Review
	Slide 4: Non-Square Matrix Multiplication Review
	Slide 5: Non-Square Matrix Multiplication Review
	Slide 6: Non-Square Matrix Multiplication Review
	Slide 7: Non-Square Matrix Multiplication Review
	Slide 8: Non-Square Matrix Multiplication Review
	Slide 9: Non-Square Matrix Multiplication Review
	Slide 10: Matrix-Chain Multiplication
	Slide 11: Matrix-Chain Multiplication
	Slide 12: Matrix-Chain Multiplication
	Slide 13: Matrix-Chain Multiplication
	Slide 14: Matrix-Chain Multiplication
	Slide 15: Matrix-Chain Multiplication
	Slide 16: Matrix-Chain Multiplication
	Slide 17: Matrix-Chain Multiplication
	Slide 18: Matrix-Chain Multiplication
	Slide 19: Matrix-Chain Multiplication
	Slide 20: Matrix-Chain Multiplication
	Slide 21: Matrix-Chain Multiplication
	Slide 22: Matrix-Chain Multiplication
	Slide 23: Matrix-Chain Multiplication
	Slide 24: Matrix-Chain Multiplication
	Slide 25: Matrix-Chain Multiplication
	Slide 26: Matrix-Chain Multiplication
	Slide 27: Matrix-Chain Multiplication
	Slide 28: Matrix-Chain Multiplication
	Slide 29: Matrix-Chain Multiplication
	Slide 30: Matrix-Chain Multiplication
	Slide 31: Matrix-Chain Multiplication
	Slide 32: Matrix-Chain Multiplication
	Slide 33: Matrix-Chain Multiplication
	Slide 34: Matrix-Chain Multiplication
	Slide 35: Matrix-Chain Multiplication
	Slide 36: Matrix-Chain Multiplication
	Slide 37: Matrix-Chain Multiplication
	Slide 38: Matrix-Chain Multiplication
	Slide 39: Matrix-Chain Multiplication
	Slide 40: Matrix-Chain Multiplication
	Slide 41: Matrix-Chain Multiplication
	Slide 42: Matrix-Chain Multiplication
	Slide 43: Matrix-Chain Multiplication
	Slide 44: Matrix-Chain Multiplication
	Slide 45: Matrix-Chain Multiplication
	Slide 46: Matrix-Chain Multiplication
	Slide 47: Matrix-Chain Multiplication
	Slide 48: Matrix-Chain Multiplication
	Slide 49: Matrix-Chain Multiplication
	Slide 50: Matrix-Chain Multiplication
	Slide 51: Matrix-Chain Multiplication
	Slide 52: Matrix-Chain Multiplication
	Slide 53: Matrix-Chain Multiplication
	Slide 54: Matrix-Chain Multiplication
	Slide 55: Matrix-Chain Multiplication
	Slide 56: Matrix-Chain Multiplication
	Slide 57: Matrix-Chain Multiplication
	Slide 58: Matrix-Chain Multiplication
	Slide 59: Matrix-Chain Multiplication
	Slide 60: Matrix-Chain Multiplication
	Slide 61: Matrix-Chain Multiplication


  O  ( n )


  O  (   n 3 )


   n 2


  C


  B


  A


  𝟏 𝟎 𝟎


  𝟏 𝟎 𝟎 × 𝟏 𝟎 × 𝟓 = 𝟓 𝟎 𝟎 𝟎


  n


  m


  m


  p


  n


  p


  𝒎 × 𝒏 × 𝒑


  	


  100 × 10 × 5


  	


  	


  100 × 10 × 5


  	 + 5 × 10 × 50  


  	


  	


  100 × 10 × 5


  	 + 5 × 10 × 50  


  	 =   7500


  5 × 100 × 50  


  	 +   100 × 10 × 50  


  	 =   75000


  100 × 10 × 5


  	 + 5 × 10 × 50  


  	 =   7500


   M 1


   M n


  n


   M i


   m  i − 1 ×  m i


   M 1 ×  M 2 ×  M 3 ×  M 4 × … ×  M  n − 4 ×  M  n − 3 ×  M  n − 2 ×  M  n − 1 ×  M n


   M 1


   M n


  n


   M i


   m  i − 1 ×  m i


   M 1 ×  M 2 ×  M 3 ×  M 4 × … ×  M  n − 4 ×  M  n − 3 ×  M  n − 2 ×  M  n − 1 ×  M n


   M 1


   M n


  n


   M i


   m  i − 1 ×  m i


   M 1 ×  M 2 ×  M 3 ×  M 4 × … ×  M  n − 4 ×  M  n − 3 ×  M  n − 2 ×  M  n − 1 ×  M n


   M 1


   M n


  n


   M i


   m  i − 1 ×  m i


   M 1 ×  M 2 ×  M 3 ×  M 4 × … ×  M  n − 4 ×  M  n − 3 ×  M  n − 2 ×  M  n − 1 ×  M n


   M 1


   M n


  n


   M i


   m  i − 1 ×  m i


   (   (   M 1 ×  M 2 ) ×  M 3 ) ×  (   M 4 ×  (   M 5 ×  M 6 ) )


   M 1


   M 2


   M 3


   M 4


   M 5


   M 6


   M 1


   M n


  n


   M i


   m  i − 1 ×  m i


   (   (   M 1 ×  M 2 ) ×  M 3 ) ×  (   M 4 ×  (   M 5 ×  M 6 ) )


   M 1


   M 2


   M 3


   M 4


   M 5


   M 6


   M 1


   M n


  n


   M i


   m  i − 1 ×  m i


   (   (   M 1 ×  M 2 ) ×  M 3 ) ×  (   M 4 ×  (   M 5 ×  M 6 ) )


   M 1


   M 2


   M 3


   M 4


   M 5


   M 6


   M 1


   M n


  n


   M i


   m  i − 1 ×  m i


   M 1 ×  M 2 ×  M 3 ×  M 4 × … ×  M  n − 4 ×  M  n − 3 ×  M  n − 2 ×  M  n − 1 ×  M n


  C  [  1 , n ] =


   M 1


   M n


   M 1


   M n


  n


   M i


   m  i − 1 ×  m i


  𝒌


   (   M 1 ×  M 2 × …  M  k − 1 ×  M k ) ×  (   M  k + 1 × … ×  M  n − 1 ×  M n )


   M 1 × … ×  M k


   M  k + 1 × … ×  M n


  C  [  1 , n ] =


   M 1


   M n


   M 1


   M n


  n


   M i


   m  i − 1 ×  m i


  C  [  1 , n ] =


   M 1


   M n


  𝒌


   (   M 1 ×  M 2 × …  M  k − 1 ×  M k ) ×  (   M  k + 1 × … ×  M  n − 1 ×  M n )


  𝑪  [  𝟏 , 𝒏 ] =


   M 1 × … ×  M k


   M  k + 1 × … ×  M n


   M 1


   M n


  n


   M i


   m  i − 1 ×  m i


  C  [  1 , n ] =


   M 1


   M n


  𝒌


   (   M 1 ×  M 2 × …  M  k − 1 ×  M k ) ×  (   M  k + 1 × … ×  M  n − 1 ×  M n )


  𝑪  [  𝟏 , 𝒏 ] =


   𝑴 𝟏 →  𝑴 𝒌


   M 1


   M n


  n


   M i


   m  i − 1 ×  m i


  C  [  1 , n ] =


   M 1


   M n


  𝒌


   (   M 1 ×  M 2 × …  M  k − 1 ×  M k ) ×  (   M  k + 1 × … ×  M  n − 1 ×  M n )


  𝑪  [  𝟏 , 𝒏 ] =


   𝑴 𝟏 →  𝑴 𝒌


   𝑴  𝒌 + 𝟏 →  𝑴 𝒏


  +


   M 1


   M n


  n


   M i


   m  i − 1 ×  m i


  C  [  1 , n ] =


   M 1


   M n


  𝒌


   (   M 1 ×  M 2 × …  M  k − 1 ×  M k ) ×  (   M  k + 1 × … ×  M  n − 1 ×  M n )


  𝑪  [  𝟏 , 𝒏 ] =


   𝑴 𝟏 →  𝑴 𝒌


   𝑴  𝒌 + 𝟏 →  𝑴 𝒏


  +


  +


   M 1


   M n


  n


   M i


   m  i − 1 ×  m i


  C  [  1 , n ] =


   M 1


   M n


  𝒌


   (   M 1 ×  M 2 × …  M  k − 1 ×  M k ) ×  (   M  k + 1 × … ×  M  n − 1 ×  M n )


  𝑪  [  𝟏 , 𝒏 ] = 𝑪  [  𝟏 , 𝒌 ]   +


  +


   𝑴 𝟏 →  𝑴 𝒌


   𝑴  𝒌 + 𝟏 →  𝑴 𝒏


   M 1


   M n


  n


   M i


   m  i − 1 ×  m i


  C  [  1 , n ] =


   M 1


   M n


  𝒌


   (   M 1 ×  M 2 × …  M  k − 1 ×  M k ) ×  (   M  k + 1 × … ×  M  n − 1 ×  M n )


  𝑪  [  𝟏 , 𝒏 ] = 𝑪  [  𝟏 , 𝒌 ]   +   𝑪  [  𝒌 + 𝟏 , 𝒏 ]   +


   𝑴 𝟏 →  𝑴 𝒌


   𝑴  𝒌 + 𝟏 →  𝑴 𝒏


   M 1


   M n


  n


   M i


   m  i − 1 ×  m i


  C  [  1 , n ] =


   M 1


   M n


  𝒌


   (   M 1 ×  M 2 × …  M  k − 1 ×  M k ) ×  (   M  k + 1 × … ×  M  n − 1 ×  M n )


  𝑪  [  𝟏 , 𝒏 ] = 𝑪  [  𝟏 , 𝒌 ]   +   𝑪  [  𝒌 + 𝟏 , 𝒏 ]   +


   𝒎 𝟎 ×  𝒎 𝟏


   𝒎  𝒌 − 𝟏 ×  𝒎 𝒌


   𝒎 𝒌 ×  𝒎  𝒌 + 𝟏


   𝒎  𝒏 − 𝟏 ×  𝒎 𝒏


   𝑴 𝟏 →  𝑴 𝒌


   𝑴  𝒌 + 𝟏 →  𝑴 𝒏


   M 1


   M n


  n


   M i


   m  i − 1 ×  m i


  C  [  1 , n ] =


   M 1


   M n


  𝒌


   (   M 1 ×  M 2 × …  M  k − 1 ×  M k ) ×  (   M  k + 1 × … ×  M  n − 1 ×  M n )


  𝑪  [  𝟏 , 𝒏 ] = 𝑪  [  𝟏 , 𝒌 ]   +   𝑪  [  𝒌 + 𝟏 , 𝒏 ]   +    𝒎 𝒌 ×  𝒎 𝟎 ×  𝒎 𝒏


   𝒎 𝟎 ×  𝒎 𝟏


   𝒎  𝒌 − 𝟏 ×  𝒎 𝒌


   𝒎 𝒌 ×  𝒎  𝒌 + 𝟏


   𝒎  𝒏 − 𝟏 ×  𝒎 𝒏


   𝑴 𝟏 →  𝑴 𝒌


   𝑴  𝒌 + 𝟏 →  𝑴 𝒏


   M 1


   M n


  n


   M i


   m  i − 1 ×  m i


  C  [  1 , n ] =


   M 1


   M n


   (   M 1 ×  M 2 × …  M  k − 1 ×  M k ) ×  (   M  k + 1 × … ×  M  n − 1 ×  M n )


  𝑪  [  𝟏 , 𝒏 ] = 𝑪  [  𝟏 , 𝒌 ]   +   𝑪  [  𝒌 + 𝟏 , 𝒏 ]   +    𝒎 𝒌 ×  𝒎 𝟎 ×  𝒎 𝒏


   M 1 →  M k


   M  k + 1 →  M n


   M 1


   M n


  n


   M i


   m  i − 1 ×  m i


  C  [  1 , n ] =


   M 1


   M n


   (   M 1 ×  M 2 × …  M  k − 1 ×  M k ) ×  (   M  k + 1 × … ×  M  n − 1 ×  M n )


  𝑪  [  𝟏 , 𝒏 ] = 𝑪  [  𝟏 , 𝒌 ]   +   𝑪  [  𝒌 + 𝟏 , 𝒏 ]   +    𝒎 𝒌 ×  𝒎 𝟎 ×  𝒎 𝒏


   M 1 →  M k


   M  k + 1 →  M n


   M 1


   M n


  n


   M i


   m  i − 1 ×  m i


  C  [  1 , n ] =


   M 1


   M n


   (   M 1 ×  M 2 × …  M  k − 1 ×  M k ) ×  (   M  k + 1 × … ×  M  n − 1 ×  M n )


  𝑪  [  𝟏 , 𝒏 ] = 𝑪  [  𝟏 , 𝒌 ]   +   𝑪  [  𝒌 + 𝟏 , 𝒏 ]   +    𝒎 𝒌 ×  𝒎 𝟎 ×  𝒎 𝒏


   M 1 →  M k


   M  k + 1 →  M n


   M 1


   M n


  n


   M i


   m  i − 1 ×  m i


  C  [  1 , n ] =


   M 1


   M n


   M 1 ×  M 2 × …  M  k − 1 ×  M k ×  M  k + 1 × … ×  M  n − 1 ×  M n


  𝑪  [  𝟏 , 𝒏 ] = 𝑪  [  𝟏 , 𝒌 ]   +   𝑪  [  𝒌 + 𝟏 , 𝒏 ]   +    𝒎 𝒌 ×  𝒎 𝟎 ×  𝒎 𝒏


   M 1 →  M k


   M  k + 1 →  M n


   M 1


   M n


  n


   M i


   m  i − 1 ×  m i


  C  [  1 , n ] =


   M 1


   M n


   M 1 ×  M 2 × …  M  k − 1 ×  M k ×  M  k + 1 × … ×  M  n − 1 ×  M n


   M 1 →  M k


   M  k + 1 →  M n


  𝑪  [  𝟏 , 𝒏 ] =   𝒎 𝒊 𝒏  𝟏 ≤ 𝒌 < 𝒏  (  𝑪  [  𝟏 , 𝒌 ]   +   𝑪  [  𝒌 + 𝟏 , 𝒏 ]   +    𝒎 𝒌 ×  𝒎 𝟎 ×  𝒎 𝒏 )


   M 1


   M n


  n


   M i


   m  i − 1 ×  m i


  C  [  1 , n ] =


   M 1


   M n


   M 1 ×  M 2 × …  M  k − 1 ×  M k ×  M  k + 1 × … ×  M  n − 1 ×  M n


   M 1 →  M k


   M  k + 1 →  M n


  𝑪  [  𝟏 , 𝒏 ] =   𝒎 𝒊 𝒏  𝟏 ≤ 𝒌 < 𝒏  (  𝑪  [  𝟏 , 𝒌 ]   +   𝑪  [  𝒌 + 𝟏 , 𝒏 ]   +    𝒎 𝒌 ×  𝒎 𝟎 ×  𝒎 𝒏 )


   M 1


   M n


  n


   M i


   m  i − 1 ×  m i


  C  [  i , j ] =


   M i


   M j


   M 1 × … ×  M i × … ×  M  k − 1 ×  M k ×  M  k + 1 × … ×  M j × … ×  M n


   M 1 →  M k


   M  k + 1 →  M n


  𝑪  [  𝟏 , 𝒏 ] =   𝒎 𝒊 𝒏  𝟏 ≤ 𝒌 < 𝒏  (  𝑪  [  𝟏 , 𝒌 ]   +   𝑪  [  𝒌 + 𝟏 , 𝒏 ]   +    𝒎 𝒌 ×  𝒎 𝟎 ×  𝒎 𝒏 )


   M 1


   M n


  n


   M i


   m  i − 1 ×  m i


  C  [  i , j ] =


   M i


   M j


   M 1 × … ×  M i × … ×  M  k − 1 ×  M k ×  M  k + 1 × … ×  M j × … ×  M n


   M i →  M k


   M  k + 1 →  M j


  𝑪  [  𝒊 , 𝒋 ] =   𝒎 𝒊 𝒏  𝒊 ≤ 𝒌 < 𝒋  (  𝑪  [  𝒊 , 𝒌 ]   +   𝑪  [  𝒌 + 𝟏 , 𝒋 ]   +    𝒎 𝒌 ×  𝒎  𝒊 − 𝟏 ×  𝒎 𝒋 )


  𝑪  [  𝒊 , 𝒋 ] =     𝐦 𝐢 𝐧  𝒊 ≤ 𝒌 < 𝒋 ⁡   (  𝑪  [  𝒊 , 𝒌 ] + 𝑪  [  𝒌 + 𝟏 , 𝒋 ] +  𝒎 𝒌 ×  𝒎  𝒊 − 𝟏 ×  𝒎 𝒋 )


  𝑪  [  𝒊 , 𝒋 ] =     𝐦 𝐢 𝐧  𝒊 ≤ 𝒌 < 𝒋 ⁡   (  𝑪  [  𝒊 , 𝒌 ] + 𝑪  [  𝒌 + 𝟏 , 𝒋 ] +  𝒎 𝒌 ×  𝒎  𝒊 − 𝟏 ×  𝒎 𝒋 )


  i


  j


  𝑪  [  𝒊 , 𝒋 ] =     𝐦 𝐢 𝐧  𝒊 ≤ 𝒌 < 𝒋 ⁡   (  𝑪  [  𝒊 , 𝒌 ] + 𝑪  [  𝒌 + 𝟏 , 𝒋 ] +  𝒎 𝒌 ×  𝒎  𝒊 − 𝟏 ×  𝒎 𝒋 )


  i


  j


  𝑪  [  𝒊 , 𝒋 ] =     𝐦 𝐢 𝐧  𝒊 ≤ 𝒌 < 𝒋 ⁡   (  𝑪  [  𝒊 , 𝒌 ] + 𝑪  [  𝒌 + 𝟏 , 𝒋 ] +  𝒎 𝒌 ×  𝒎  𝒊 − 𝟏 ×  𝒎 𝒋 )


  i


  j


  𝑪 [ 𝒊 , 𝒊 ]


  C  [  i , j ] =


   M i ×  M  i + 1 × … ×  M j


  𝑪  [  𝒊 , 𝒋 ] =     𝐦 𝐢 𝐧  𝒊 ≤ 𝒌 < 𝒋 ⁡   (  𝑪  [  𝒊 , 𝒌 ] + 𝑪  [  𝒌 + 𝟏 , 𝒋 ] +  𝒎 𝒌 ×  𝒎  𝒊 − 𝟏 ×  𝒎 𝒋 )


  i


  j


  C [ i , i ]


  C [ i , i ] = 0


  C  [  i , j ] =


   M i ×  M  i + 1 × … ×  M j


  𝑪  [  𝒊 , 𝒋 ] =     𝐦 𝐢 𝐧  𝒊 ≤ 𝒌 < 𝒋 ⁡   (  𝑪  [  𝒊 , 𝒌 ] + 𝑪  [  𝒌 + 𝟏 , 𝒋 ] +  𝒎 𝒌 ×  𝒎  𝒊 − 𝟏 ×  𝒎 𝒋 )


  i


  j


  C [ ]


  𝑪  [  𝒊 , 𝒋 ] =     𝐦 𝐢 𝐧  𝒊 ≤ 𝒌 < 𝒋 ⁡   (  𝑪  [  𝒊 , 𝒌 ] + 𝑪  [  𝒌 + 𝟏 , 𝒋 ] +  𝒎 𝒌 ×  𝒎  𝒊 − 𝟏 ×  𝒎 𝒋 )


  i


  j


  C [ ]


  C [ 1 , n ]


  𝑪  [  𝒊 , 𝒋 ] =     𝐦 𝐢 𝐧  𝒊 ≤ 𝒌 < 𝒋 ⁡   (  𝑪  [  𝒊 , 𝒌 ] + 𝑪  [  𝒌 + 𝟏 , 𝒋 ] +  𝒎 𝒌 ×  𝒎  𝒊 − 𝟏 ×  𝒎 𝒋 )


  i


  j


  C [ ]


  C [ 1 , 6 ]


  𝑪  [  𝒊 , 𝒋 ] =     𝐦 𝐢 𝐧  𝒊 ≤ 𝒌 < 𝒋 ⁡   (  𝑪  [  𝒊 , 𝒌 ] + 𝑪  [  𝒌 + 𝟏 , 𝒋 ] +  𝒎 𝒌 ×  𝒎  𝒊 − 𝟏 ×  𝒎 𝒋 )


  i


  j


  C  [  1 , 6 ] =     min  1 ≤ k < 6 ⁡   (  C  [  1 , k ] + C  [  k + 1 , 6 ] +   ? ? )


  =   min ⁡   {        C  [  1 , 1 ] + C  [  2 , 6 ] +   ? ?   C  [  1 , 2 ] + C  [  3 , 6 ] +   ? ?   C  [  1 , 3 ] + C  [  4 , 6 ] +   ? ?      C  [  1 , 4 ] + C  [  5 , 6 ] +   ? ?   C  [  1 , 5 ] + C  [  6 , 6 ] +   ? ?


  k = 1


  k = 2


  k = 3


  k = 4


  k = 5


  i


  j


  C  [  1 , 6 ] =     min  1 ≤ k < 6 ⁡   (  C  [  1 , k ] + C  [  k + 1 , 6 ] +   ? ? )


  =   min ⁡   {        C  [  1 , 1 ] + C  [  2 , 6 ] +   ? ?   C  [  1 , 2 ] + C  [  3 , 6 ] +   ? ?   C  [  1 , 3 ] + C  [  4 , 6 ] +   ? ?      C  [  1 , 4 ] + C  [  5 , 6 ] +   ? ?   C  [  1 , 5 ] + C  [  6 , 6 ] +   ? ?


  k = 1


  k = 2


  k = 3


  k = 4


  k = 5


   M 1 ×  M 2 ×  M 3 ×  M 4 ×  M 5 ×  M 6


  i


  j


  C  [  1 , 6 ] =     min  1 ≤ k < 6 ⁡   (  C  [  1 , k ] + C  [  k + 1 , 6 ] +   ? ? )


  =   min ⁡   {        C  [  1 , 1 ] + C  [  2 , 6 ] +   ? ?   C  [  1 , 2 ] + C  [  3 , 6 ] +   ? ?   C  [  1 , 3 ] + C  [  4 , 6 ] +   ? ?      C  [  1 , 4 ] + C  [  5 , 6 ] +   ? ?   C  [  1 , 5 ] + C  [  6 , 6 ] +   ? ?


  k = 1


  k = 2


  k = 3


  k = 4


  k = 5


   (   M 1 ) ×  (   M 2 ×  M 3 ×  M 4 ×  M 5 ×  M 6 )


  𝒌 = 𝟏


  i


  j


  C  [  1 , 6 ] =     min  1 ≤ k < 6 ⁡   (  C  [  1 , k ] + C  [  k + 1 , 6 ] +   ? ? )


  =   min ⁡   {        C  [  1 , 1 ] + C  [  2 , 6 ] +   ? ?   C  [  1 , 2 ] + C  [  3 , 6 ] +   ? ?   C  [  1 , 3 ] + C  [  4 , 6 ] +   ? ?      C  [  1 , 4 ] + C  [  5 , 6 ] +   ? ?   C  [  1 , 5 ] + C  [  6 , 6 ] +   ? ?


  k = 1


  k = 2


  k = 3


  k = 4


  k = 5


  𝒌 = 𝟐


   (   M 1 ×  M 2 ) ×  (   M 3 ×  M 4 ×  M 5 ×  M 6 )


  i


  j


  C  [  1 , 6 ] =     min  1 ≤ k < 6 ⁡   (  C  [  1 , k ] + C  [  k + 1 , 6 ] +   ? ? )


  =   min ⁡   {        C  [  1 , 1 ] + C  [  2 , 6 ] +   ? ?   C  [  1 , 2 ] + C  [  3 , 6 ] +   ? ?   C  [  1 , 3 ] + C  [  4 , 6 ] +   ? ?      C  [  1 , 4 ] + C  [  5 , 6 ] +   ? ?   C  [  1 , 5 ] + C  [  6 , 6 ] +   ? ?


  k = 1


  k = 2


  k = 3


  k = 4


  k = 5


  𝒌 = 𝟑


   (   M 1 ×  M 2 ×  M 3 ) ×  (   M 4 ×  M 5 ×  M 6 )


  i


  j


  C  [  1 , 6 ] =     min  1 ≤ k < 6 ⁡   (  C  [  1 , k ] + C  [  k + 1 , 6 ] +   ? ? )


  =   min ⁡   {        C  [  1 , 1 ] + C  [  2 , 6 ] +   ? ?   C  [  1 , 2 ] + C  [  3 , 6 ] +   ? ?   C  [  1 , 3 ] + C  [  4 , 6 ] +   ? ?      C  [  1 , 4 ] + C  [  5 , 6 ] +   ? ?   C  [  1 , 5 ] + C  [  6 , 6 ] +   ? ?


  k = 1


  k = 2


  k = 3


  k = 4


  k = 5


  𝒌 = 𝟒


   (   M 1 ×  M 2 ×  M 3 ×  M 4 ) ×  (   M 5 ×  M 6 )


  i


  j


  C  [  1 , 6 ] =     min  1 ≤ k < 6 ⁡   (  C  [  1 , k ] + C  [  k + 1 , 6 ] +   ? ? )


  =   min ⁡   {        C  [  1 , 1 ] + C  [  2 , 6 ] +   ? ?   C  [  1 , 2 ] + C  [  3 , 6 ] +   ? ?   C  [  1 , 3 ] + C  [  4 , 6 ] +   ? ?      C  [  1 , 4 ] + C  [  5 , 6 ] +   ? ?   C  [  1 , 5 ] + C  [  6 , 6 ] +   ? ?


  k = 1


  k = 2


  k = 3


  k = 4


  k = 5


  𝒌 = 𝟓


   (   M 1 ×  M 2 ×  M 3 ×  M 4 ×  M 5 ) ×  (   M 6 )


  i


  j


  C  [  1 , 6 ] =     min  1 ≤ k < 6 ⁡   (  C  [  1 , k ] + C  [  k + 1 , 6 ] +   ? ? )


  =   min ⁡   {        C  [  1 , 1 ] + C  [  2 , 6 ] +   ? ?   C  [  1 , 2 ] + C  [  3 , 6 ] +   ? ?   C  [  1 , 3 ] + C  [  4 , 6 ] +   ? ?      C  [  1 , 4 ] + C  [  5 , 6 ] +   ? ?   C  [  1 , 5 ] + C  [  6 , 6 ] +   ? ?


  k = 1


  k = 2


  k = 3


  k = 4


  k = 5


  𝑪  [  𝒊 , 𝒋 ] =     𝐦 𝐢 𝐧  𝒊 ≤ 𝒌 < 𝒋 ⁡   (  𝑪  [  𝒊 , 𝒌 ] + 𝑪  [  𝒌 + 𝟏 , 𝒋 ] +  𝒎 𝒌 ×  𝒎  𝒊 − 𝟏 ×  𝒎 𝒋 )


  i


  j


  C  [  3 , 5 ] =     min  3 ≤ k < 5 ⁡   (  C  [  3 , k ] + C  [  k + 1 , 5 ] +   ? ? )


  =   min ⁡   {     C  [  3 , 3 ] + C  [  4 , 5 ] +   ? ?   C  [  3 , 4 ] + C  [  5 , 5 ] +   ? ?


  k = 1


  k = 2


  𝑪  [  𝒊 , 𝒋 ] =     𝐦 𝐢 𝐧  𝒊 ≤ 𝒌 < 𝒋 ⁡   (  𝑪  [  𝒊 , 𝒌 ] + 𝑪  [  𝒌 + 𝟏 , 𝒋 ] +  𝒎 𝒌 ×  𝒎  𝒊 − 𝟏 ×  𝒎 𝒋 )


  i


  j


  𝑪  [  𝒊 , 𝒋 ] =     𝐦 𝐢 𝐧  𝒊 ≤ 𝒌 < 𝒋 ⁡   (  𝑪  [  𝒊 , 𝒌 ] + 𝑪  [  𝒌 + 𝟏 , 𝒋 ] +  𝒎 𝒌 ×  𝒎  𝒊 − 𝟏 ×  𝒎 𝒋 )


  i


  j


  𝑪  [  𝒊 , 𝒋 ] =     𝐦 𝐢 𝐧  𝒊 ≤ 𝒌 < 𝒋 ⁡   (  𝑪  [  𝒊 , 𝒌 ] + 𝑪  [  𝒌 + 𝟏 , 𝒋 ] +  𝒎 𝒌 ×  𝒎  𝒊 − 𝟏 ×  𝒎 𝒋 )


  i


  j


  𝑪  [  𝒊 , 𝒋 ] =     𝐦 𝐢 𝐧  𝒊 ≤ 𝒌 < 𝒋 ⁡   (  𝑪  [  𝒊 , 𝒌 ] + 𝑪  [  𝒌 + 𝟏 , 𝒋 ] +  𝒎 𝒌 ×  𝒎  𝒊 − 𝟏 ×  𝒎 𝒋 )


  𝑶 (  𝒏 𝟑 )

